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MATHEMATICS 
ON THE DISCREPANCY OF CERTAIN SEQUENCES MOD. 11) 
BY 
HYMAN GABAI 
(Communicated by Prof. J. F. KoKSMA at the meeting of May 25, 1963) 
In 1945 Mrs. VAN AARDENNE-EHRENFEST [1] 2) proved the correctness 
of a conjecture made by J. G. VAN DER CORPUT about ten years earlier 
in connection with his work on distribution functions [3, 4]. In 1949 
Mrs. VAN AARDENNE-EHRENFEST proved a stronger result [2], which 
was further strengthened in 1954 by K. F. ROTH [7]. He proved the 
following theorem: 
(A) Let N be an integer > 1, and {P1, ... , PN} a sequence of N points 
in the unit square 0<~< 1, O<r;< l. Let S(x, y) denote the number of 
points of the given sequence which are in the rectangle O.;;;;~<x, O.;;;;r;<y. 
Then there exists a point (x, y) in the unit square such that 
IS(x, y)-Nxyl >A. Vlog N 
where A. is a positive absolute constant. 
The analogous result holds in k dimensional space with A. Vlog N replaced 
by Ak (log N)<k-ll/2. 
We shall refer to the difference Ll(x, y)=S(x, y)-Nxy as the error of 
the given sequence at the point (x, y). The quantity D=Sup ILI(x, y)l, 
where the supremum is taken over all points in the unit square, is called 
the discrepancy of the sequence 3). 
Roth also showed an example of a "well distributed" set of 2n points 
in the unit square, which was essentially equivalent in construction to 
a sequence of points in the unit interval considered by VAN DER CORPUT 
1 ) The work here described is part of the author's dissertation presented in 
partial fulfillment of the requirements for the Ph. D. degree at the University of 
Pennsylvania. It was done in connection with a seminar on Asymptotic Distributions 
Mod. 1 conducted by Professor I. J. ScHOENBERG. 
The author expresses sincere thanks to Professor ScHOENBERG for his kind help 
and encouragement, not only in the preparation of this work, but throughout the 
author's career as a graduate student. 
2) Numbers in brackets refer to the Bibliography at the end of this paper. 
3 ) See [6] corwerning the discrepancy in the one dimensional case. See the 
forthcoming proceedings of the Conference on Asymptotic Distributions Mod. 1, 
held at Nijenrode, Holland, August, 1962, for important new work concerning the 
notion of discrepancy. 
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(ti E {0, 1 }), 
and for this set Roth proved that 
(B) D < 2n + 1. 
In 1960 J. H. HALTON [5] considered a generalization of van der Corput's 
sequence to k dimensional space, which was suggested by J. M. HAM-
MERSLEY. Halton proved that for this sequence of N points in the k 
dimensional unit cube O.;;;;;~i<1 (i=1, 2, ... , k): 
(C) 
where Ok is a positive absolute constant (depending on k). 
Halton also discussed the unsolved problem concerning the gap 
between (log N)<k-1)/2 in Roth's theorem (A), and (log N)k-1 in (C), and 
he was led to state the "tentative conjecture" that for the special sequence 
considered by him the results (B) and (C) may be improved to agree 
with Roth's theorem. He suggests that there may exist positive constants 
Ok' such that Dk<Ok' (log N)<k-1)/2, with the similar result for (B). 
It is one of the purposes of this paper to show that at least for the 
case k = 2, this conjecture is not correct. 
Let R and n be positive integers, with R-;;.2. Let J(R, n) denote the 
set of Rn points of the form 
( t1 t2 tn tn tn-1 t1 ) R+R2+ ... +Rn' R+ R2+ ... +Rn (tiE {0, 1, 2, ... , R-1}). 
J(2, n) is the set considered by RoTH [7]. Points in the unit square 
which are of the form (:n, ~n ), where k and l are positive integers, will 
be called "lattice points" of the unit square (with respect to J(R, n)). 
J(R, n) has many special properties. For example: 
1. At each lattice point (:n' ~n): Ll(:n' ~n) =Ll(1- :n,' 1- ~n)· 
2. At each point (x, y) of the unit square, with yo;;;;;~: Lln(x,y) =Lln-1(x,Ry) 
where Lli(x, y) denotes the error of J(R, i) at the point (x, y). 
3. For the case R = 2, if k is an odd integer and y < !, then: 
Ll(;, y) = Ll(k~ 1' y) + y. 
4. At each point (x, y) of the unit square: Ll (x, y);;. 0. (Therefore absolute 
value signs may be omitted in (B).) 
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Using these and other speciaJ properties of J(R, n), an explicit value 
for the average of the errors over the lattice points is obtained: 
Theorem 1. 1 R"R" (k l) Let T(R, n) = R2n k~1 ~~Lin Rn' Rn . 
(R-1) (R+ 1) Then: T(R, n) = nT(R, 1) = n 12R . 
As a corollary to Theorem 1, the following integral is evaluated: 
1 1 1 f f Lln(x, y) dx dy = T(R, n) +! + 4Rn. 
0 0 
Theorem 2 refers to the special case when R = 2: 
Theorem 2. Let Mn denote the maximum error of J(2, n) at the 
1 attice points of the unit square. Then: 
d . (An Bn) (2) M n is attaine at exactly two lattice pomts 21l, 21l and 
( 1 - ~= , 1 - ~=) , defined as follows : 
2n+l_1 2n+ 1 
If n is odd: An= 3 , Bn = - 3- · 
2n-1 
If n is even: An= Bn = - 3-. 
Part (1) of this theorem implies that for J(2, n): 
n n 5 
-<D<-+-3 3 2" 
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